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o Answer as many questions as you can.
o You may use results proved in class, but make sure to state them clearly.

o Mazximum marks is 60.

1. Let M,(R) denote the vector space of n x n real matrices, and let
Sym,,(R) denote the vector subspace of symmetric n X n matrices,
where both vector spaces are equipped with the operator norm. Let
O,(R) denote the set of n x n orthogonal matrices.

Let f: M, (R) — Sym,(R) be defined by f(A) := AT A for A € M, (R).

(a) Show that f is differentiable and compute the derivative Dfy4 :
M, (R) — Sym,(R) for any A € M,(R).

(b) Show that if A € O,(R) then Df, has full rank.
(5 + 5 = 10 marks)

2. Let A: R” x R" — R be a symmetric bilinear function, and let F' :
R™ — R be the function defined by F(z) := A(x,z), v € R". Show
that F is twice differentiable and D?*F, = 2A for all x € R". (10 marks)

3. Let M be a smooth manifold, let X be a complete vector field on M
and let (¢ : M — M)icr be the flow of X. Let w be a k-form on M.
Show that the Lie derivative of w with respect to X satisfies Lxw = \w
for some A € R if and only if ¢fw = eMw for all t € R. (8 marks)



4. Let M be a compact Riemannian manifold without boundary.

(a) Show that
div(pX) = < V¢, X > +¢ divX

for any smooth function ¢ on M and any smooth vector field X on M.

(b) Let ¢ be a smooth subharmonic function on M, i.e. A¢ > 0 on M.
Show that ¢ is constant. (844 = 12 marks)

5. Let M, N be Riemannian manifolds. Let f : M — N be a smooth
map. Show that f is harmonic if and only if, for any p € M, if u is a
smooth convex function in a neighbourhood of f(p) in N, then uwo f is
subharmonic in a neighbourhood of p. (12 marks)

6. Let M, N be compact Riemannian manifolds without boundary, and
suppose the sectional curvature of N is nonpositive. Let (f; : M —
N)iejo,1) be a smooth homotopy between maps fy and f;, and suppose
the homotopy is a geodesic homotopy, i.e. for any p € M, the curve
t — fi(p) is a geodesic in N.

(a) Show that the energy E(f:) of the maps f; : M — N satisfies
%E(ft) >0 for all t € [0,1].

(b) Suppose the map fy has minimum energy in its homotopy class.
Show that if fi is harmonic, then E(f;) = E(fy) for all ¢ € [0,1], and
the maps f; are harmonic maps for all ¢ € [0,1]. (10+6 = 16 marks)



